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ABSTRACT The article reviews the methods of mathematical modeling of electric fields in the vicinity of conducting rods and 
presents a method developed for calculating the distribution of the electric field strength and potential in systems with conducting 
rods. This method allows to use a computational spatial grid with a step proportional not to the radius of the rod, but to its length, 
which is relevant when the ratio of the rods length to its radius is large. The method is applied to the calculation of rods EF, for 
which this ratio is of the order of 102–103. The proposed method is based on the finite integration method. At the same time, the non-
linear decrease in the levels of strength and potential when moving away from the rod in directions perpendicular to its axis is taken 
into account. The difference coefficients at the nodes surrounding the rod were obtained by integrating over the computational grid 
cell surfaces of expressions describing the strength and potential of the electric field for an elongated conducting ellipsoid under 
potential. With this representation of the conducting rod, it was possible to achieve the greatest accordance of calculations with the 
analytical solution. In practice, the application of the presented method allows for a more accurate calculation of the electric field in 
the vicinity of a conducting rod, which is either under potential, or in a homogeneous electric field, using a computational grid with 
a step proportional not to the radius of the rod, but to its length. The non-linear character of the decrease in the strength and 
potential of the electric field near the rod is taken into account using analytical expressions for a conductive ellipsoid under 
potential. In the area surrounding the rod and above its top, when using a spatial grid step proportionate with the length of the rod, 
and not with its radius, the relative errors in calculating the strength decreased from 27 % to 3 %. The results of calculating the 
electric field of a lightning rod are presented in order to analyze the conditions for the occurrence of upward leaders. 
Keywords: electric field potential; electric field strength; conducting rods; finite integration method; lightning rods; mathematical 
modeling; upward leaders 
РОЗРАХУНОК РОЗПОДІЛУ ЕЛЕКТРИЧНОГО ПОЛЯ В ОКОЛІ 
ЕЛЕКТРОПРОВІДНОГО СТРИЖНЯ 
С. А. ЛИТВИНЕНКО 
кафедра теоретичних основ електротехніки, НТУ «ХПІ», Харків, УКРАЇНА
АНОТАЦІЯ У статті проведений огляд методів математичного моделювання електричних полів в околі електропровідних 
стрижнів і представлений метод, що розроблений для розрахунку розподілу напруженості і потенціалу електричного поля 
в системах з електропровідними стрижнями. Цей метод дозволяє використовувати розрахункову просторову сітку, що 
має крок, пропорційний не радіусу стрижня, а його довжині, що є актуальним при великому співвідношенні довжини 
стрижня до його радіусу. Метод застосований для розрахунку стрижнів, у яких таке співвідношення сягає порядку 102–
103. Запропонований метод побудований на базі методу скінченного інтегрування. При цьому враховане нелінійне спадання 
рівнів напруженості і потенціалу при віддаленні від стрижня в напрямках, перпендикулярних його осі. Різницеві 
коефіцієнти у вузлах, що оточують стрижень, були отримані шляхом інтегрування по поверхнях комірок розрахункової 
сітки тих виразів, що описують напруженість і потенціал електричного поля для видовженого еліпсоїда, який перебуває 
під потенціалом. При такому поданні електропровідного стрижня вдалося досягти найбільшого збігу розрахунків з 
аналітичним рішенням. Практичне застосування представленого методу дозволяє здійснювати більш точний розрахунок 
електричного поля в околі електропровідного стрижня, що знаходиться або під потенціалом, або в однорідному ЕП, з 
використанням розрахункової сітки з кроком, співрозмірним не з радіусом стрижня, а з його довжиною. Врахування 
нелінійного характеру спадання напруженості і потенціалу електричного поля поблизу стрижня проводиться за 
допомогою аналітичних виразів для електропровідного еліпсоїда, що перебуває під потенціалом. У зоні, що оточує 
стрижень, і над його вершиною при використанні кроку просторової сітки, порівнянного з довжиною стрижня, а не з його 
радіусом, відносні похибки розрахунку напруженості зменшилися з 27 % до 3 %. Наведено результати розрахунку 
електричного поля стрижневого блискавкоприймача з метою дослідження умов виникнення зустрічних лідерів. 
Ключові слова: потенціал електричного поля; напруженість електричного поля; електропровідні стрижні; метод 
скінченного інтегрування; стрижневі блискавкоприймачі; математичне моделювання; зустрічні лідери 
Introduction 
Solving the problems of modeling rod lightning 
rods, incomplete insulation breakdown channels, channels 
of lightning leaders [1-6] may be performed by 
calculation of the electric field (EF) in the vicinity of 
conducting rods, the length of which exceeds their radius 
by several orders of magnitude (L/R>102–103). Another 
area where the solution of such problems is required is 
emission devices using arrays of carbon nanofibers [7-9]. 
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Determination of the degree of strengthening of the EF 
tension in the area of the top of the rod is an urgent 
problem in various areas [10,11].  
Analysis of recent research and publications 
When calculating the distribution of the electric 
field in the vicinity of long and thin rods, we encounter a 
problem associated with the choice of the step of the 
computational grid. The step should be less than the 
radius of the rod, however, with a significant ratio 
between the length and the radius of the rod, the resulting 
smaller computational grid leads to a significant increase 
in the order of the equations system describing the 
system, which makes it impossible to solve it using 
existing computational tools. 
In [12], for three-dimensional modeling of the gas 
discharge process in order to study the streamer branching 
processes, an approach was chosen, which consists in 
utilizing a computational grid divided into several layers. 
The step in each layer becomes smaller and smaller as it 
approaches the discharge axis. The solution is based on 
the finite element method using Newton's iterations to 
solve a nonlinear system of equations, which ensures the 
simultaneous convergence of the entire system of 
equations. Lagrangian-quadratic elements were used for 
the Poisson equations and boundary conditions. This 
approach allows you to perform calculations with the 
required accuracy, but the requirements for RAM and 
time costs are a significant obstacle to its use. 
In the numerical calculation of the EF using finite-
difference methods in the immediate vicinity of a thin 
cylindrical rod having an infinite length [13-17], to 
determine the coefficients of the difference equations, the 
law of decay of the EF intensity is used, which is 
inversely proportional to the distance from its axis. In this 
case, the step of the computational grid can significantly 
exceed the radius of the rod. In [18], a rod of finite length 
is represented by a uniformly charged thread, in [19] by 
an elongated ellipsoid located in a uniform EF. In both 
cases, when calculating the area in the vicinity of the rod, 
the same law of strength variation was applied. When 
comparing the results of the potential distribution 
calculation at the distance of the step of the computational 
grid from the rod by numerical methods and analytical 
calculation of a uniformly charged thread and an 
elongated ellipsoid located in a uniform EF [20], a 
relative error of about 5 % was obtained. The error in 
calculating the strength exceeds 10 %. When using this 
approach in solving problems containing a rod under 
potential, in the absence of an external EF, the error 
becomes even greater: up to 45 % for the strength 
calculation of the rod top zone under potential. In order to 
solve this problem in the region limited by the step of the 
computational grid from the axis of the rod, when 
calculating the coefficients of the difference equations at 
the nodes on the rod and the step from it, it is proposed to 
use analytical expressions for the EF of an elongated 
ellipsoid under potential [20].  
The aim of thе work 
The aim of this work is to develop a refined 
method for the numerical calculation of the electric field 
in the vicinity of conducting rods with a large ratio of 
length to radius. The difference coefficients in the nodes 
of the computational grid surrounding the rod are 
determined in a special way. As a result, the used step of 
the computational grid can be proportional to the length 
of the rod rather than its radius. This approach increases 
the accuracy of calculating the EF strength in systems 
containing conducting rods. 
Basic research materials 
The calculation used a system (Fig. 1) with a 




















Fig. 1 – Calculation scheme 
The computational equations used in the finite 
volume method [21,22] were obtained by integrating 
Maxwell's equations over the volumes V of the unit cells 
that make up the computational domain. The nodes of the 
computational grid (i, j, k), in which the EF potentials are 
determined, are located at the interface between the 
media, and therefore on the axis of the conducting rod 
(Fig. 2). With such an arrangement of the computational 
grid nodes, the conditions at the interfaces between the 

















Fig. 2 – Cell containing a conductive rod 
To obtain the difference coefficients, Maxwell's 
equation was used [20]: 
tDEH  /rot , 
where D=ε0εE=-ε0ε∙gradφ – electric induction; 
ε0=0.885∙10-11 F/m;  E – electric field strength; φ – 
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After applying the divergence operation to the 
equation, the resulting expression must be integrated over 
the volumes of the unit cells V that make up the 
computational domain using the Ostrogradsky-Gauss 
theorem. In the absence of space charges, the second term 
on the right-hand side of the last equation can be 
neglected. As a result, an equation will be obtained for 










dSEdVE ,   (1) 
where n – normal to the surface S enclosing the 
volume V, En – the projection of the vector strength E 
normal to the surface S. 
For each node (i, j, k) of the computational grid, an 
equation of the form (1) is drawn up. In this case, each 
cell of the computational domain is characterized by its 
specific conductivity γi j k. Since the length of the rod is 
several orders of magnitude larger than its radius, the rod 
in the design model is replaced by a set of nodes located 
on the axis with indices r (Fig. 2). 
The non-linear nature of the decrease in the 
strength and potential of the electric field in the direction 
perpendicular to the rod axis is taken into account using 










where kx, ky, kz – coefficients equal to 1 for all 
nodes except (ir, jr, kr), (ir-1, jr, kr), (ir, jr, kr-1). 
The presence of conductivity between the nodes ir, 
jr, kr along the rod axis is taken into account using the 
coefficients ky = 106 for these nodes. 
The coefficients kx and kz of the nodes surrounding 
the rod and lying on its axis, and the coefficient ky of the 
node at the top of the rod are determined from analytical 
expressions for the potential level and the electric field 
strength depending on the voltage applied to the rod. The 
rod is represented as an elongated ellipsoid [20]. In this 
case, the potential is determined by the expression: 
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2p p q     ; ξ>–b2 [9];
2 2 2 2 2
2
L R ( x y z )
p
   
 ; 
2 2 2 2 2 2q L R L ( x z ) R y    ; x, y, z – Cartesian 
coordinates (i, j, k)-th computational grid node. 
The coefficients kx and kz of the nodes surrounding 
the bar and lying on its axis ((ir, jr, kr), (ir-1, jr, kr), (ir, jr, 
kr-1)), and the coefficient ky of the node at the top of the 
bar are determined using in (3) instead of U0 the potential 
difference at the nodes on the rod and spaced one step of 
the computational grid from it and using this expression 
in the formulas for the components of the EF strength (4)–
(6). So, for the component Ex of the electric field strength, 
we express x /  through U0 in the form of the potential 
difference at a node on the rod axis φ(xir, yjr, zkr) = U0 and 
at a node spaced from the axis at the distance of the 
computational grid step φ(xir-1, yjr, zkr), corresponding to 
the derivative step back:  
   xzyxzyxxx krjrirkrjrirxx ir /)],,(),,([/|/ 11
xzyxfU krjrirU   /)],,(1[ 10 . 
Let us write the expression for U0 in terms of 
x /  considering that the sign of the derivative is taken 


















 . (8) 
For derivatives z /  and y / |yj=yjr max 
expressions are similar: 
  zzyxzyxzz krjrirkrjrir /)],,(),,([// 1














  ),,([// 1max krjrir zyxyy
 yzyx krjrir /)],,( max  yzyxfU krjrirU   /],,(1[ 1max0  . 
We use U0 in the last two equations, expressed 
through the change in potential in directions along the 
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The coefficient kxx characterizes the non-linear 
potential drop between the nodes located on the rod axis 
and at a step away from it. To determine it, we write Eq. 
(4) for the cell surface Syz at a distance of half a step from 
the rod axis (x = xir+1/2) and substitute U0 into it in the 
form (7):  













where   ),,( 2/1 krjrirUExxxx zyxFDk  . 
Similar transformations made it possible to obtain 











The coefficients kx, ky, kz (see (2)) are obtained by 
integrating kxx, kyy, kzz over the corresponding surfaces Syz, 
Sxz, Sxy (see fig. 2) using any standard subprogram.  
Because the computational domain refers to open 
areas, then in order to reduce its dimensions when 
calculating the EF, uniaxially perfectly matched layers 
(UPML) were placed on its boundaries [17]. 
The unknown potentials of the nodes of the 
computational scheme are determined by solving a system 
of difference equations composed of equations of the 
form (1) for each node, using the iterative method of 
alternating directions and the sweep method [16,17]. The 
boundary conditions for the scalar potential are shown in 
Fig.1.  
The estimation of the accuracy of calculating the 
EF in systems with rods was carried out by comparing the 
analytical and numerical solutions for two cases: the 
potential U0 is applied to the rod and the rod is in a 
uniform external EF with the strength E0. The analytical 
solution is made according to the formulas for the 
potentials and strengths of an elongated ellipsoid [20]. 
The calculations showed up that for the considered rods 
with a length-to-radius ratio L/R>102–103, which are 
under strength, as well as for rods located in an external 
homogeneous electric field, the maximum values of the 
relative errors δЕ when calculating the electric field 
strengths do not exceed 3 %. When calculating based on 
the approach described in [18], δЕ can reach 45 %, and 
when calculating based on the approach described in [19], 
27 %. Calculations have shown up that a twofold decrease 
in the step of the computational grid, as well as an 
increase in its dimensions twofold, do not lead to a 
change in the distributions of the EF and the values of the 
relative errors. 
An example of electric fields distribution 
calculation in the vicinity of a rod lightning rod to 
analyze the conditions for the appearance of upward 
leaders from it. 
The development of positive upward leaders from 
ground objects occurs when there is an EF strength of the 
order of 500 kV/m above these objects, caused by an 
approaching downward leader of negative polarity [4]. 
The calculation of the EF distribution was carried out for 
several cases in order to determine the influence on the 
occurrence and development of upward leaders of a 
stepped downward leader channel of lightning with a 
potential of 30 MV–100 MV approaching the object. The 
boundary conditions used in this calculation are shown in 
Fig. 1. The case is considered when the space charge is 
still absent in the zone where the development of the 
negative streamer stage begins [4]. The step of the spatial 
grid is chosen equal to 1 m, the absorbing layers located 
at the boundaries of the computational domain have the 
number of steps N=10, m=3, kmax=300 [18,19]. 
In the first calculated case, the downward lightning 
leader is at potential Ut and is located at a height of 
several hundred meters above a grounded lightning rod of 
length L and radius R. The leader's EF does not affect the 
EF of the lightning rod top due to the significant distance 
between them. EF strength in the vicinity of the lightning 
rod under thunderstorm conditions is E0=Ut/Ht, where Ht 
is the thunderstorm cloud height. The calculation was 
carried out for the potential of the downward leader Ut = 
100 MV, launched from a thundercloud from a height of 
Ht = 2000 m. The strength around the top of the lightning 
rod with a height of L=60 m and a diameter of 2R=0.1 m 
(see Fig. 1) was E0=50 kV/m, the diameter of the 
lightning leader channel is 2RL=0.01 m. The calculation 
showed up that the obtained strength above the top of the 
lightning rod (no more than 100 kV/m) is not enough to 
fulfill the condition for the appearance of an upward 
leader. The case was also calculated when the top of the 
downward leader approached the top of the lightning rod 
at a distance of 20 m. The distance between the axes of 
the leader channel and the lightning rod was DLR = 5 m. 
The strength obtained in this case (300 kV/m) is also 
insufficient to fulfill the condition of occurrence an 
upward leader. The calculation under the condition of the 
location of the downward leader streamer top at a height 
of 10 m from the top of the lightning rod top showed up 
the level of the obtained tension exceeding 500 kV/m, 
thus only in this case the occurrence of an upward leader 
from the lightning rod is possible. 
Conclusions 
The proposed method for calculating the EF of 
conducting rods, in which the non-linear decrease nature 
of the strength and potential near the rod is taken into 
account using analytical expressions describing the EF of 
an elongated conducting ellipsoid under potential, made it 
possible to reduce the relative error in calculating the EF 
strength to 3 % or less for rods with L/R> 102–103. In this 
case, the space step is chosen proportional to the length of 
the rod, and not to its radius. 
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АННОТАЦИЯ В статье произведен обзор методов математического моделирования электрических полей в окрестности 
проводящих стержней и представлен метод, разработанный для расчета распределения напряженности и потенциала 
электрического поля в системах с проводящими стержнями. Этот метод позволяет использовать расчетную 
пространственную сетку, имеющую шаг, пропорциональный не радиусу стержня, а его длине, что является актуальным 
при большом соотношении длины стержня к его радиусу. Метод применен для расчета ЭП стержней, у которых такое 
соотношение порядка 102–103. Предложенный метод построен на базе метода конечного интегрирования. При этом 
учтено нелинейное спадание уровней напряженности и потенциала при удалении от стержня в направлениях, 
перпендикулярных его оси. Разностные коэффициенты в узлах, окружающих стержень, были получены путем 
интегрирования по поверхностям ячейки расчетной сетки выражений, описывающих напряженность и потенциал 
электрического поля для вытянутого проводящего эллипсоида, находящегося под потенциалом. При таком представлении 
проводящего стержня удалось достичь наибольшего совпадения расчетов с аналитическим решением. Практическое 
применение представленного метода позволяет производить более точный расчет электрического поля в окрестности 
проводящего стержня, находящегося либо под потенциалом, либо в однородном ЭП, с использованием расчетной сетки с 
шагом, пропорциональным не радиусу стержня, а его длине. Учет нелинейного характера спадания напряженности и 
потенциала электрического поля вблизи стержня производится с помощью аналитических выражений для проводящего 
эллипсоида, находящегося под потенциалом. В зоне, окружающей стержень, и над его вершиной при использовании шага 
пространственной сетки, соизмеримого с длиной стержня, а не с его радиусом, относительные погрешности расчета 
напряженности уменьшились с 27 % до 3 %. Приведены результаты расчета электрического поля стержневого 
молниеприемника с целью исследования условий возникновения встречных лидеров.
Ключевые слова: потенциал электрического поля; напряженность электрического поля; проводящие стержни; метод 
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